Abstract. Let F be a non-Archimedean local field of characteristic 0, and let D be a finite-dimensional central division algebra over F . We prove that any unitary irreducible smooth representation of a Levi subgroup of GL m ðDÞ, with m f 1, induces irreducibly to GL m ðDÞ. This ends the classification of the unitary dual of GL m ðDÞ initiated by Tadić.
Introduction
Let F be a non-Archimedean locally compact non-discrete field of characteristic zero (that is, a finite extension of the field of p-adic numbers for some prime number p) and let D be a finite-dimensional central division algebra over F . In [22] , Tadić gave a conjectural classification of the unitary dual of GL m ðDÞ, with m f 1, based on five statements ðU0Þ; . . . ; ðU4Þ. In the same article, he proved (U3) and (U4). In [4] , Badulescu and Renard proved (U1), and it is known that (U0) and (U1) together imply (U2). In this paper, we prove the remaining conjecture (U0), which asserts that any unitary irreducible representation of a Levi subgroup of GL m ðDÞ induces irreducibly to GL m ðDÞ. The proof is based on Bushnell-Kutzko's theory of types (see [12] ), and more precisely on their theory of covers, which allows one to compare parabolic induction in GL m ðDÞ with parabolic induction in a‰ne Hecke algebras.
The proof consists of reducing to the case where D is commutative, for which the result is already known (Bernstein [8] , see Theorem 1.1 below). This can be done by using particular types of GL m ðDÞ, the so-called Bushnell-Kutzko simple types (see [11] , [19] ). Their Hecke algebras are well known and isomorphic to a‰ne Hecke-Iwahori algebras of type A, which allows one to transport our induction problem, via the Hecke algebra isomorphisms of [19] , to a very special case, in which the conjecture is known to be true. This method has been already used in [10] , [11] .
Note that in the case where D is commutative, hence equal to its centre F , Bernstein's proof of (U0) is based on the proof of Kirillov's conjecture, which asserts that if P denotes
The research for this paper was partially supported by EPSRC grant GR/T21714/01. the subgroup of GL m ðDÞ made of elements with last row ð0; . . . ; 0; 1Þ, then the restriction to P of any unitary irreducible representation of GL m ðDÞ is irreducible. This fact is no more true when D is non-commutative. See also Tadić [21] for a classification of the unitary dual of GL m ðF Þ.
Our proof can be decomposed into three parts. In the first part ( §3.1), we reduce to the case where the unitary irreducible representation of the Levi subgroup is simple in the sense of [12] : the inertial class of its cuspidal support contains a cuspidal pair of the form À GL k ðDÞ r ; r nr Á , with m ¼ kr and where r is a cuspidal irreducible representation of the group GL k ðDÞ (see also Definition 1.3). This special case of the conjecture is denoted by (S0).
In the second part, we translate the problem in terms of induction of modules over Hecke algebras. More precisely, we reduce the proof of (S0) to proving that, given an integer r f 1 and a Levi subgroup M of GL r ðF Þ, any unitary irreducible module over the Hecke-Iwahori algebra of M (that is, the Hecke algebra of M relative to some Iwahori subgroup) induces irreducibly to the Hecke-Iwahori algebra of GL r ðF Þ (see Proposition 3.3) . This step demands the existence of simple types for any irreducible simple representation of GL m ðDÞ. Such simple types have been constructed in [17] , [18] , [19] , [20] .
The last part of the proof consists of proving Proposition 3.3 (see above). This step is based on a result of Barbasch-Moy (see [5] , [6] ) which asserts that the functor of Iwahoriinvariant vectors induces a one-to-one correspondence between unitary irreducible representations of GL r ðF Þ having a non-zero vector invariant under an Iwahori subgroup, and unitary irreducible modules over the Hecke-Iwahori algebra of GL r ðF Þ.
See also [3] , [24] for the role played by the Tadić classification in the unitary JacquetLanglands correspondence. More precisely, Badulescu [3] proved (independently from this article) a weak form of (U0) (see [3] , Proposition 3.9) and thus determined the image by this correspondence of the unitary dual of GL md ðF Þ (where d denotes the reduced degree of D over F ) in the Grothendieck group of representations of finite length of GL m ðDÞ.
In the last section of this article, we determine the unramified characters w of GL m ðDÞ for which the parabolically induced representation PðwÞ ¼ r Â rw, where r is a fixed cuspidal irreducible representation of GL m ðDÞ, is reducible. Unlike [22] , our result does not refer to the Jacquet-Langlands correspondence. This answers a question of J. Bernstein and A. Mínguez. Here again, we reduce to the case where D is commutative, for which the reducibility points are known to be w ¼ jdetj F and w ¼ jdetj À1 F , where j j F denotes the normalized absolute value of F . In the division algebra case, the reducibility points w depend on the cuspidal representation r (see Theorem 4.6).
Notations and preliminaries
In this section, we fix some notations and recall some well-known facts. The reader may refer to [22] for more details.
1.1. Let F be a non-Archimedean locally compact non-discrete field of characteristic 0, and let D be a finite-dimensional central division algebra over F . For any integer m f 1, we denote by M m ðDÞ the F -algebra of m Â m matrices with coe‰cients in D and by G m ¼ GL m ðDÞ the group of its invertible elements. For convenience, G 0 will denote the trivial group.
Let N m be the reduced norm of M m ðDÞ over F and let j j F be the normalized absolute value of F . The map g 7 ! jN m ðgÞj F is a continuous group homomorphism from G m to the multiplicative group C Â of the field of complex numbers, which we simply denote by n.
If r is a representation and w a character of G m for some m, we denote by rw (or equivalently by wr) the twisted representation g 7 ! wðgÞrðgÞ.
We denote by N the set of non-negative integers. If S is a set, a multiset on S is a finitely supported function from S to N. It can be thought as an unordered finite family of elements of S. For n f 0 and x i A S with 1 e i e n, we denote by ðx 1 ; . . . ; x n Þ the multiset whose value on x A S is the number of integers 1 e i e n such that x i ¼ x. The integer n is then called the size of this multiset. We denote by MðSÞ the set of all multisets on S. It is naturally endowed with a structure of commutative semigroup.
1.2.
For m f 0, we denote by Irr m the set of all classes of irreducible representations of G m , by R m the category of smooth complex representations of finite length of G m and by R m the Grothendieck group of R m , which is a free Z-module with basis Irr m . In particular, Irr 0 is reduced to a single element and R 0 is isomorphic to Z. For s A Irr m , we set degðsÞ ¼ m, which we call the degree of s. We set
The group R is a graded free Z-module with basis Irr. Two equivalent irreducible representations will be considered as the same element of Irr.
Given m; n f 0, the (normalized) parabolic induction functor:
ðs; tÞ 7 ! s Â t induces a map R m Â R n ! R mþn . This map extends to a Z-bilinear map R Â R ! R, which makes R into an associative and commutative graded Z-algebra (see [9] , §2.3, and [22] , §1). The image of ðs; tÞ A R Â R by this map will be still denoted by s Â t.
We will make no distinction between unitary and unitarizable irreducible representations, which form a subset of Irr denoted by Irr u (see [13] , §2.8). Conjecture (U0) is the following statement (see [22] , §6):
(U0) Let s; t A Irr u be unitary irreducible representations. Then s Â t A Irr.
Let us recall the following result of Bernstein [8] .
Theorem 1.1 (Bernstein) . Assume that D ¼ F . Then (U0) is true.
1.3. Let C be the set of all cuspidal representations in Irr. Let r A C be a cuspidal irreducible representation, and let m denote the degree of r. Let d be the reduced degree of D over F , that is, the square root of the dimension of D over F . By the JacquetLanglands correspondence (see [14] ) one associates to r an essentially square integrable representation s of the group GL md ðF Þ. The classification of the discrete series of GL md ðF Þ (see [25] ) gives us a unique positive integer b dividing md and a unique cuspidal irreducible representation t of GL md=b ðF Þ such that s is a quotient of the induced representation t Â mt Â Á Á Á Â m bÀ1 t, where m : g 7 ! jdetðgÞj F denotes the analogue of n for the group GL md=b ðF Þ. We denote this integer by bðrÞ, and we set n r ¼ n bðrÞ :
Let D be the set of all essentially square integrable representations in Irr. It is parametrized by means of cuspidal irreducible representations as follows. For any r A C and any positive integer n, the induced representation:
ÀðnÀ1Þ=2 r r has a unique essentially square integrable subquotient, which we denote by dðr; nÞ. The map C Â ðN À f0gÞ ! D obtained this way is a bijection (see [22] , [25] ).
Let C u (resp. D u ) be the set of all unitary representations in C (resp. in D). Then dðr; nÞ is unitary if and only if r is. In other words, the image of C u Â ðN À f0gÞ by the map above is D u .
1.4.
Let T be the set of all essentially tempered representations in Irr and let T u be the set of all tempered representations in T. Given t A T, there exists a unique real number eðtÞ A R, which we call the exponent of t, such that n ÀeðtÞ t is tempered. The map
induces a bijective correspondence from MðD u Þ onto T u (see [14] , B.2.d).
Given d ¼ ðd 1 ; . . . ; d k Þ A MðDÞ, the fibers of the map i 7 ! eðd i Þ decompose the set f1; 2; . . . ; kg into a finite disjoint union I 1 W Á Á Á W I l . For 1 e i e l, we denote by t i the product of the d j for j A I i . Each t i is essentially tempered. Let us choose an ordering such that:
Then the induced representation t 1 Â Á Á Á Â t l has a unique irreducible quotient, which we denote by LðdÞ. This representation depends only on d and not on the ordering of the t i , and the map d 7 ! LðdÞ is a bijection from MðDÞ to Irr.
1.5.
Given s A Irr, we denote by s 4 the contragredient representation of s and by s its complex conjugate representation, that is, the representation obtained by making C act on the space of s by ðl; vÞ 7 ! lv. The representation
is called the Hermitian contragredient of s, and s is said to be Hermitian if it is equivalent to its Hermitian contragredient. Since this is equivalent to the existence of a non-degenerate invariant Hermitian form on the space of s, any unitary irreducible representation is Hermitian.
Given d A MðDÞ, we denote by d þ the multiset on D whose elements are the Hermitian contragredients of the elements of d. Then (see [22] , §2) we have
Thus LðdÞ is Hermitian if and Proof. This is a standard result. The Hermitian forms on the spaces of s and t induce a Hermitian form h on the space of s Â t. As s Â t is irreducible, its space can be endowed with a unique, up to a non-zero real scalar, non-degenerate Hermitian form. Therefore, up to a sign, h is positive definite, and s, t are unitary (see [23] , §3(a)). r 1.6. Let m be a positive integer, and let M be a Levi subgroup of G m . A cuspidal pair of M is a pair ðL; rÞ where L is a Levi subgroup of M and r a cuspidal irreducible representation of L. We denote by BðMÞ the set of all M-conjugacy classes of cuspidal pairs of M (the so-called Bernstein spectrum of M, see [7] ).
Given an irreducible representation s of M, there is a cuspidal pair ðL; rÞ of M, unique up to M-conjugacy, such that s is a subquotient of Ind A cuspidal pair of M is said to be inertially equivalent to ðL; rÞ if there is an unramified character w of L such that this pair is M-conjugate to ðL; rwÞ. The set of all cuspidal pairs of M which are inertially equivalent to ðL; rÞ is denoted by ½L; r M and called the inertial class of ðL; rÞ in M. (ii) More generally, two representations s; t A Irr of degree m, n respectively are said to be aligned if the inertial class of the product suppðsÞ Â suppðtÞ, considered as an element of BðG m Â G n Þ, has the form ½G (ii) If s is unitary, then so are the s i .
Proof. Let d A MðDÞ be such that s ¼ LðdÞ. The multiset d can be written in a unique way as a sum
such that two elements of d are aligned if and only if they are contained in the same d i . Thus, according to Proposition 1.5, we have
The unicity property comes from the unicity of decomposition ( 
Theory of types for GL m (D)
In order to prove Conjecture (U0), we need some material from Bushnell-Kutzko's theory of types, which we develop in this section. 
2.2.
According to [11] , §4.3, the Hecke algebra HðM; tÞ can be canonically endowed with an involution f 7 ! f Ã . A right module V over HðM; tÞ is said to be unitary if there exists a positive definite Hermitian form ðx; yÞ 7 ! hx; yi on V such that hvf ; wi ¼ hv; wf Ã i for any v; w A V and f A HðM; tÞ.
Note that M t preserves unitarity: if an irreducible representation of M is unitary, then the irreducible module which corresponds to it is unitary. Thus, given an s M -type ðJ; tÞ, the functor M t induces a bijection between the classes of irreducible representations of M with cuspidal support in s M and the classes of irreducible right HðM; tÞ-modules.
2.4.
Let ðJ M ; t M Þ be an s M -type of M, let s G denote the inertial class of G corresponding to s M and let ðJ; tÞ be a G-cover of ðJ M ; t M Þ. We do not give here the definition of a cover (see [12] , 8.1), which is quite technical. We just mention that we have J X M ¼ J M and that the restriction of t to M is t M . The importance of the notion of cover lies in the isomorphism (2.3) below.
Given a parabolic subgroup P of G with Levi subgroup M, we denote by t P : HðM; t M Þ ! HðG; tÞ ð2:2Þ the C-algebra homomorphism given by [12] 2.6. In order to prove Conjecture (U0), we need s G -types of G whose Hecke algebras we understand precisely. This requires the notion of simple type, which first appears in [11] and has been generalized in [17] , [18] , [19] . For a definition of simple type, see [19] , §4.1.
Proposition 2.3. (i)
There is a simple type of G k contained in r.
(ii) Let ðU; uÞ be a simple type contained in r. There is a finite extension K of F contained in M k ðDÞ such that the normalizer of u in G k is K Â U.
Proof. Note that a type of G k is contained in r if and only if it is a type relative to the inertial class of the cuspidal pair ðG k ; rÞ. Part (i) of the result comes from [15] , Theorem 5.4, if r is of level zero and from [20] , Théorème 5.21, if not.
In order to prove part (ii), recall that the simple type ðU; uÞ comes with a finite extension E of F contained in M k ðDÞ (see [19] , §4.1). The centralizer of E in M k ðDÞ is a central simple E-algebra isomorphic to M k 0 ðD 0 Þ, where k 0 is a positive integer and D 0 a finitedimensional central division algebra over E. According to [19] , §5.1, the normalizer of u in G k is generated by U and an element $ which is a positive power of a uniformizer of D 0 . The E-algebra K ¼ E½$ is a totally ramified extension of E. As an extension of F , it has the required property. r 2.7. In [19] , §5.2, one describes a process ðU; uÞ 7 ! ðJ; tÞ ð2:5Þ which associates, to any simple type ðU; uÞ of G k contained in r, an s G -type ðJ; tÞ of G with the following property. Proposition 2.4. For any Levi subgroup M of G containing (2.4), the restriction of ðJ; tÞ to M is an s M -type of M of which ðJ; tÞ is a G-cover.
Proof. According to [19] , Proposition 5.5, the pair ðJ; tÞ associated to ðU; uÞ by (2.5) is an s G -type of G constructed as a cover of the type ðU r ; u nr Þ of the Levi subgroup M 0 . The result follows from [12] , Proposition 8.5. r Remark 2.5. The reader should pay attention to the fact that, in general, the pair ðJ; tÞ is not what we call a simple type in [19] , but is the type which we denote by ðJ P ; l P Þ in [19] , §5.2. Nevertheless, according to [19] , Proposition 5.4, there exists a compact open subgroup J y of G containing J such that the induced representation of t from J to J y is a simple type. 2.8. Let ðU; uÞ be a simple type contained in r and let ðJ; tÞ be the s G -type of G corresponding to it by (2.5). In this paragraph, we describe the support of the Hecke algebra HðG; tÞ. Let K=F be as in Proposition 2.3, let $ be a uniformizer of K, let N be the normalizer of the diagonal torus of GL r ðKÞ and let W be the subgroup of N made of elements whose non-zero entries are in the subgroup generated by $. As K is contained in M k ðDÞ, the group GL r ðKÞ can naturally be considered as a subgroup of G. Set
where Id rÀ1 denotes the identity matrix of GL rÀ1 ðKÞ. Note that h does not normalize J in general. According to [19] , Proposition 4.3, and [20] , Proposition 5.10, any element of HðG; tÞ vanishes outside JWJ. More precisely, we have the following result.
Proposition 2.7. Let us fix w A W .
(i) The subspace of HðG; tÞ made of functions supported on JwJ has dimension 1, and any non-zero element of this subspace is invertible.
(ii) Let j A HðG; tÞ be a non-zero element supported on JhJ. Then for any non-zero element f supported on JwJ, the convolution product f Ã j (resp. j Ã f ) is supported on JwhJ (resp. on JhwJ).
Proof. We denote by ðJ y ; t y Þ the simple type induced by ðJ; tÞ (see Remark 2.5). According to [19] 
2.9.
In this paragraph, we investigate the structure of the Hecke algebra HðG; tÞ. LetK K be a finite unramified extension of K. According to Examples 2.6 and 2.8, the trivial character 1 O Ẫ K K of the unit group of the ring of integers OK K is a simple type of GL 1 ðK KÞ contained in the trivial character of GL 1 ðK KÞ. The pair associated to it by (2.5), which we denote by ðI; 1 I Þ, is the trivial character of the standard Iwahori subgroup of GL r ðK KÞ. Note that W can be considered as a subgroup of both G and GL r ðK KÞ. Given f A HðG; tÞ (resp. f A H À GL r ðK KÞ; 1 I Á ), we set
which is the support of f in W . For technical reasons, this is more convenient than the support in G (resp. in GL r ðK KÞ).
Proposition 2.9. For a unique (up to isomorphism) choice of finite unramified extensionK K of K, there is a C-algebra isomorphism (ii) The unramified extensionK K=K does not depend on the integer r, but only on the cuspidal representation r.
2.10.
Let us fix an extensionK K of F as in Proposition 2.9. Let P be the parabolic subgroup of G of upper triangular matrices with respect to the Levi subgroup M 0 ¼ G r k (see (2.4)) and let t P be the C-algebra homomorphism t P : HðG r k ; u nr Þ ! HðG; tÞ corresponding to P (see (2.2)). We denote by Q the (minimal) parabolic subgroup of GL r ðK KÞ of upper triangular matrices. Let t Q be the C-algebra homomorphism
where supp denotes the support in the group h$i generated by $, considered as a subgroup ofK K Â on the left-hand side and of G k on the right-hand side. Then there is a unique W -equivariant C-algebra isomorphism
which agrees with C u on the first tensor factor and such that, for any function
where supp denotes the support in the group h$i r , considered as a subgroup ofK K Âr on the left-hand side and of G r k on the right-hand side (compare [11] , 7.6.19). We are now ready to state the main result of this section.
Theorem 2.11. Given a C-algebra isomorphism C u as in (2.8), there is a unique Calgebra isomorphism 
Proof. The proof goes mutatis mutandis as in [11] , Theorem 7.6.20. r Remark 2.12. The isomorphism C G preserves the canonical structure of Calgebra with involution on the Hecke algebras (see §2.2). In other words, for any 
be the factorizations of s and t given by Proposition 1.6. In particular, each s i , t j is simple
Assuming that (S0) holds, each s i Â t i is irreducible for 1 e i e r. Therefore (3.1) shows that s Â t is a product of irreducible factors, no two of them being aligned. The result now follows from Proposition 1.5. r where r 1 ; r 2 f 1 are positive integers such that r 1 þ r 2 ¼ r. As in §2.5, we denote by s M ¼ s M ðrÞ the inertial class of the cuspidal pair ðG r k ; r nr Þ and by s G the corresponding inertial class of G. Let ðU; uÞ be a simple type contained in r, let ðJ; tÞ be the s G -type of G corresponding to it by (2.5) and let ðJ M ; t M Þ be the s M -type of M of which ðJ; tÞ is a G-cover by Proposition 2.4. Let H and H M denote the Hecke algebras HðG; tÞ and HðM; t M Þ. Let P be the parabolic subgroup of G of upper triangular matrices with respect to M and let t P be the C-algebra homomorphism from H M to H corresponding to P (see (2.2)). Proof. We will first prove Proposition 3.3 in a particular case.
(1) We temporarily suppose that D ¼ F and that r is the trivial character of GL 1 ðF Þ (see Example 2.6) . In that case, we can choose for J the standard Iwahori subgroup of G and for t the trivial character of J. Therefore, J M is the standard Iwahori subgroup of M and t M is its trivial character. The functor M t (resp. M t M ) associates to a representation of G (resp. M) the space of its J-invariant (resp. J X M-invariant) vectors.
We now recall the following crucial result of Barbasch and Moy [5] , [6] . Let s be an irreducible representation of M with a non-zero space of J X M-invariant vectors such that M t M ðsÞ is isomorphic to V . By Theorem 3.4, this representation is unitary. According to (2.3) , it is enough to prove that the H-module
J is irreducible. According to Theorem 1.1, the induced representation Ind G P ðsÞ is irreducible. Because M t preserves irreducibility, we are done.
(2) Now the symbols D; r; J; t; . . . recover their general meaning. We are going to reduce the general case to our particular case (1) . LetK K be a finite extension of F as in Proposition 2.9. We use the notations of § §2.9-2.10. Let L denote the Levi subgroup
Let Q be the parabolic subgroup of GL r ðK KÞ of upper triangular matrices with respect to L and let t Q be the C-algebra homomorphism from the Hecke algebra H L ¼ HðL; 1 IXL Þ to H À GL r ðK KÞ; 1 I Á corresponding to Q. Let C G denote the C-algebra isomorphism of Theorem 2.11. Proof. According to Theorem 2.11, it su‰ces to choose for C M the W -equivariant C-algebra isomorphism which agrees with C G kr 1 on the first tensor factor and such that we have This ends the proof of conjecture (U0), thanks to Proposition 3.1.
Remark 3.7. In [22] , as in this paper, the characteristic of F is assumed to be zero. However, with the works of Badulescu [1] , [2] and Mínguez [16] , this assumption seems to be superfluous, and the Tadić classification of the unitary dual of GL m ðDÞ should be available in arbitrary characteristic. More precisely, when F is of positive characteristic:
(1) Mínguez [16] , §2.1.14, proved that the ring R of §1.2 is commutative.
(2) Badulescu [2] proved that any square integrable irreducible representation of a Levi subgroup of G m induces irreducibly to G m (see §1.4).
It would therefore be interesting to write down a classification of the unitary dual of GL m ðDÞ with no assumption on the characteristic of F .
Ã )

Reducibility points
Let r A C be a cuspidal irreducible representation of degree k. In this section, we determine the unramified characters w of G k such that the representation r Â rw is reducible. This could provide a definition of the integer bðrÞ of §1.3 without refering to the JacquetLanglands correspondence.
4.1. Let ðU; uÞ be a simple type contained in r. According to Proposition 2.3, the normalizer N of u in G k is generated by U and a uniformizer $ of the extension K. Let q F denote the cardinal of the residue field of F . Proof. According to [19] , §5.1, the representation u extends to an irreducible representationũ u of N such that r is equivalent to the representation of G k compactly induced fromũ u. Moreover, there is a bijection between the set of all representations of N extending u (which is made of all twists ofũ u by a character of N trivial on U) and the set of all equivalence classes of irreducible representations of G k whose restriction to U contains u (which is made of all classes of unramified twists of r). Given an unramified character w of G k , the representation rw is compactly induced from the restrictionũ uw jN and is equivalent to r if and only if w is trivial on N, which happens exactly when wð$Þ ¼ 1. Let us define a positive integer n by nð$Þ ¼ q Then the group of unramified characters w of G k such that r F rw is cyclic of order n. r Definition 4.2. The torsion number of r, which we denote by nðrÞ, is the cardinal of the group of unramified characters w of G k such that r F rw.
4.2.
Let j be a non-trivial element of the Hecke algebra HðG k ; uÞ supported by the double coset U$U (which actually is a single coset). According to Propositions 2.7 and 2.9, such an element is invertible and HðG k ; uÞ is the commutative C-algebra generated by j and j À1 . Therefore, the irreducible HðG k ; uÞ-modules are one-dimensional and characterised, up to isomorphism, by a non-zero complex number given by the eigenvalue of j. Definition 4.3. If V is an irreducible HðG k ; uÞ-module on which j acts by l A C Â and w an unramified character of G k , we will denote by V w the irreducible HðG k ; uÞ-module (with the same underlying space as V ) on which j acts by wð$Þl.
Let M ¼ M u denote the functor defined by (2.1) relative to the pair ðU; uÞ. It induces a bijective correspondence between the inertial class of r and the set of all classes of irreducible HðG k ; uÞ-modules. Proof. This is proved in [12] , §2. The reader should pay attention to the fact that in [12] , the symbol HðG k ; uÞ has a slightly di¤erent meaning. To recover our HðG k ; uÞ, one has to apply the isomorphism given by [12] , (2.3). r Let ðJ; tÞ be the type of G 2k which corresponds to ðU; uÞ by (2.5) . This is a G 2k -cover of the pair ðU 2 ; u n2 Þ considered as a type of the Levi subgroup M ¼ G k Â G k , so that we have ðJ M ; t M Þ ¼ ðU 2 ; u n2 Þ. Let H and H M denote the Hecke algebras relative to t and t M respectively. Let M t be the functor which corresponds to t, let P be the parabolic subgroup of G 2k of upper triangular matrices relative to M and let t P be the map given by (2.2). Let K K be a finite extension of F as in Proposition 3.5 and let qK K be the cardinal of its residue field. (1) We temporarily suppose that D ¼ F and that r is the trivial character of GL 1 ðF Þ.
In that case, we can choose for U the maximal compact subgroup of F Â and for u the trivial character of U. We have nðrÞ ¼ 1 andK K ¼ F , and the representation s Â sw is reducible if and only if w ¼ j j F or w ¼ j j
